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CHAPTER 1 


FUNDAMENTALS 


1.1 NUMBER SYSTEMS 


The real number system can be broken down into 
several parts and each of these parts have certain 
operations which can be performed on them. First, let us 
define the components of the real number system. 


The natural numbers, denoted N, are 1,2,3,4,.... The 
integers, denoted Z, аге ...-3,-2,-1,0,1,2,3,.... The 
rational numbers, denoted Q, are all numbers of the form 


p/q where p and q are integers and q#0. A real number x 
is a non-terminating decimal (with a sign + or -). 


Six basic algebraic properties of rational numbers: 


a) The closure property: If x and y are rational numbers, 
then x+y апа х •у are also rational numbers. 


b) Additive and multiplicative identity elements: If x is a 
rational number, then x+0=x апа x*1-x. 


с) Associative property: If x, y апа z are rational 
numbers, then х+(у+2)=(х+у)+2, x(y*z)-(X *y)z. 


d) Additive and multiplicative inverses: For each rational 
number, x, such that х+(-х)=0; if x40, there exists a 
rational number x^! such that x*x^ !-1. 


e) Commutative property: If x and y are rational numbers, 
then x+y=y+x, X*y-y*x. 


f) Distributive property: If x, y and z are rational 
numbers, then 


х*(у+2) = (х,у) + (X°z) 


If q and p are rational numbers and p-q is negative, 
then q is greater than p, (q>p) or p is less than q, 


(p<q). 


1.1.1 PROPERTIES OF RATIONAL NUMBERS 


a) Trichotomy property: If p and q are rational numbers, 
then one and only one of the relations q=p, q>p or q<p 
is true. 


b) Transitive property: If p, q and r are rational numbers, 
and if p<q and q«r, then p«r. 


c) If p, q and r are rational numbers and p<q, then 
ptr<qtr. 


d) If p, q, and r are rational numbers and if p<q and q<r, 
then pr<qr. 


1.2 INEQUALITIES 


To solve a linear inequality 


ax+b>0 or x>-b/a, where a#0 


draw a number line, dashed for x<-b/a and solid for x>-b/a. 


To solve (ах+р) (сх+а) >0 graphically: 





The solution lies in the interval where both lines are 
dashed and both lines are solid. 


Hence, x>-d/c, xc is the solution to the above 
inequality. 


1.3 ABSOLUTE VALUE 


Definition: The absolute value of a real number x is 
defined as 


|х| =( x ifx>0 
Lx if x<0 


For real numbers a and b: 


a) |а| = |-а| 


b) |ab| = |a 








b | 

c) -ja| < a < lal 

a) ab < [a|[b| 

e) |a+b|? = (a+b)? 

f) |atb| < |а| + |b| (Triangle Inequality) 


g) |a-b| > [|a] - |b]| 


For positive values of b 
а) |a| «р if and only if -b < a < b 
b) |a| >b if and only if à >b or a< -b 


с) |а| “р if and only if à - b or a= -b 


1.4 SET NOTATION 


A set is a collection of objects called elements. Let A 
and B be sets. 


x € A: xis an element of A 
х (В: xis not an element of B 


A is a subset of B, (A c B), means that A is contained in 
another set B and each element of A is also an element of 
B. 


A is equal to B (A-B), if and only if Ac Band Bc A. 


A U B : The union of A and B; the set consists of all 
elements of A and B. 


АПВ : the intersection of A and B; the set consists of 
elements, common to both A and B. 


А ПВ = $: It is the set that has no elements common to 
both A and B; thus it is an emptv set. Empty sets are said 
to be disjoint. 


These notations may be used to describe intervals of 
numbers such as: 


The open interval (a,b) = {x : a< x «b] 

The closed interval [a,b] = (x : a < x <b} 

The half-open intervals [a,b) = {x : a <x <b} 
and (a,b] = {x : a<x <b} 


1.5 SUMMATION NOTATION 


If we are given a set or collection of numbers {ai, аг, 
a3, 584, the sum of these numbers can be represented by 


the symbol у а., that is, 





1=1 
n 
у а, = а, +а,+а +...+а . 
: i n 
1-1 
n 
In general, у с = ne for every real number c, and 
1=1 


For any positive integer n and the sets of numbers {а;,а,, а, , 
оа) апа {6 02,03 ,...,р h 


п п п 

x (а.+0.) = у а. + у b. 
ii 1 1 ? o ae! 
п п п 

> (а.-р.) = У а. - x b 

|i ^7 [p^ pp 


1.6 MATHEMATICAL INDUCTION 


If with each positive integer n, there is associated a 
statement or proposition Р to be proven, then all the 


statements Ks; are true provided the following conditions 
hold: 


1) P, is true 


2) Whenever k is a positive integer such that Py is true, then 
Piety is also true. 


To apply this principle: 


Step 1. Prove that P, is true. 
Step 2. Assume that Pi is true and prove from this that 
Р + ‚ 13 also true. 


CHAPTER 2 


FUNCTIONS 


2.1 FUNCTIONS 


Definition: function is a correspondence between two 
sets, the domain and the range, such that for each value in 
the domain there corresponds exactly one value in the 
range. 


A function has three distinct features: 
a) the set x which is the domain, 
b) the set y which is the co-domain or range, 
c) a functional rule, f, that assigns only one element y € Y 


to each x € X. We write y - f(x) to denote the 
funetional value y at x. 


Consider Figure 2.1. The "machine" f transforms the 
domain X, element by element, into the co-domain Y. 


х 
| 


= domain 
codomain 


K 
! 





2.2 COMBINATION OF FUNCTIONS 


Let f and g represent functions, then 
a) the sum (f*g)(x) = f(x) + g(x), 
b) the difference (f-g)(x) = f(x) - g(x), 
c) the product (fg)(x) = f(x)g(x), 


f(x) 


g(x) , g(x) Ё 0, 


d) the quotient (oo = 


e) the composite function (gof)(x) = g(f(x)) where f(x) 
must be in the domain of g. 


A polynomial function of degree n is denoted as 


n 
i(x) =a x’ +a x +a х 
(x) n n-1 n-2 


Тане a,x + ag 


where a is the leading coefficient and not equal to zero 


and a, xk is the kth term of the polynomial. 


2.3 PROPERTIES OF FUNCTIONS 


A) A function F is one to one if for every range value 
there corresponds exactly one domain value of x. 


B) A function is even if f(-x) = f(x) or 
f(x) + f(-x) = 2f(x). 


C) A function is said to be odd if f(-x) = -f(x) or f(x) + 
f(-x) = 0. 


D) Periodicity 


A function f with domain X is periodic if there exists a 


positive real number p such that f(x*p) = f(x) for all x € 
X. 


The smallest number p with this property is called the 
period of f. 


Over any interval of length p, the behavior of a 
periodic function can be completely described. 


E) Inverse of a function 


Assuming that f is a one-to-one function with domain X 
and range Y, then a function g having domain Y and range X 


is called the inverse function of f if: 


f(g(y)) = у for every y € Y and 


g(f(x)) =x for every x € X. 


The inverse of the function f is denoted f !. 


To find the inverse function f^!, you must solve the 
equation y - f(x) for x in terms of y. 


Be eareful: This solution must be a function. 


F) The identity function f(x) = x maps every x to itself. 


а) The constant function f(x) = eforallx € R. 


The "zeros" of an arbitrary function f(x) are 
particular values of x for which f(x) = 0. 


y = (x) =х YA fG0-C кыо} v 
G 
X x x 


| 


x-intercept 


(a) (b) (c) 
Identity Constant Zeros of a 
function function function 
Fig. 2.2 


2.4 GRAPHING A FUNCTION 


2.4.1 THE CARTESIAN COORDINATE SYSTEM 


Consider two lines x and y drawn on a plane region 
called R. 


Let the intersection of x and y be the origin and let 
us impose a coordinate system on each of the lines. 





If (x,y) is a point or ordered pair on the coordinate plane 
R then x is the first coordinate and y is the second 
coordinate. 


To locate an ordered pair on the coordinate plane 


simply measure the distance of x units along the x-axis, 
then measure vertically (parallel to the y-axis) y units. 


с ашыды Du 





Fig. 2.4 
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x-axis 





-2 y-intercept 


rr -3 IV 


I, II, III, IV are called quadrants in 
the COORDINATE PLANE. 


(a,b) is an ordered pair with x-coordinate 
a and y-coordiante b. 


Fig. 2.5 CARTESIAN COORDINATE SYSTEM 


2.4.2 DRAWING THE GRAPH 


There are several ways to plot the graph of a 
function. The process of computing and plotting points on 
the graph is always an aid in this endeavor. The more 
points we locate on the graph, the more accurate our 
drawing will be. 


It is also helpful if we consider the symmetry of the 
function. That is, 


a) A graph is symmetric with respect to the x-axis if 
whenever a point (x,y) is on the graph, then (x,-y) is 
also on the graph. 


b) Symmetry with respect to the y-axis occurs when both 
points (-x,y) and (x,y) appear on the graph for every 
x and y. 


c) When the simultaneous substitution of -x for x and -y 
for y does not change the solution of the equation, the 
graph is said to be symmetric about the origin. 


11 


Symmetric about the y-axis 


Symmetric about the x-axis 


Note: This is not a function 
of x. 


Symmetric about the origin 





Fig. 2.6 


Another aid in drawing a graph is locating any 
vertical asymptotes. 


A vertical asymptote is a vertical line х = а , such that 
the functional value |f(x)| grows indefinitely large as x 
approaches the fixed value a. 






я 
Ф 





(а) 


х=а is a vertical asymptote 
for this function 


Fig. 2.7 
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The following steps encapsulate the procedure for 
drawing a graph: 


a) Determine the domain and range of the function. 

b) Find the intercepts of the graph and plot them. 

c) Determine the symmetries of the graph. 

d) Locate the vertical asymptates and plot a few points 
on the graph near each asymptate. 

e) Plot additional points as needed. 


2.5 LINES AND SLOPES 


Each straight line in a coordinate plane has an 
equation of the form Ax + By + C = 0, where A and B are 
not zero. 


If we consider only a portion or a segment of the line 
we can find both, the length of the segment and its 
midpoint. 


P, (x, У) 





The distance between two points Ру апа P; in a 


coordinate plane is d(P,,P:i) = "У(х!-хо) ^+(у1-Уо)^. 





Ас (X10) A, (x, ,0) 


Fig. 2.9 
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The midpoint of a line segment from Р, to P; is the 
point 


XjtX rty 0 
2 ' 2 


However we are more often concerned with finding the slope 
of the line. 


If given two points (X;,yi) and (хо,уо) the ratio 


yi-yo 
X17X0 


is the slope of the line. 


Any two segments of the same line must have the same 
slope. Therefore looking at Fig. 2.10 we see 


ys-Y2 _ У1-Уо 
X3^7X 2 Х1-Хо ы 


It is easy to show that if two line segments have the same 
slopes and a eommon endpoint, then they must be the same 
line. 





Fig. 2.10 


The equation for a line can be conveniently written as 


where 
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and b = y-intercept; where the line intersects the y-axis. 


The value of m will help us determine the position of 
the line on a graph. 


=b y=mx+b 


slope is undefined 





y 
y-mx-tb 
х 
m«O 
negative slope zero slope 
Fig. 2.44 


The slope of a line can be used to determine whether 
or not several points are collinear. Given n points (a,,b,) 
(a,,b,),...,(a,,b,) they are collinear if and only if 


b,-b, 
1 bi. 1 bo-bi 


for i= saxis 
"cw пр ог 1 = 3,4, 


Two lines are parallel if and only if their slopes are equal. 


Two lines having slopes mı and т› are perpendicular if and 
only if mim» 5-1. 


2.6 PARAMETRIC EQUATIONS 


If we have an equation y - f(x), and the explicit 
funetional form contains an arbitrary constant called a 
parameter, then it is called a parametric equation. A 
funetion with a parameter represents not one but a family 
of curves. 
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y 
2 
>S 
3: 
<a 


-0.5 
-a | . 
-l y *———, is the parameter 
X ta 








Fig, 2.12 


Often the equation for a curve is given as two 


functions of a parameter t, such as 
X = x(t) and Y = y(t). 


Corresponding values of x and y are calculated by 
solving for t and substituting. 
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CHAPTER 3 


TRANSCENDENTAL 
FUNCTIONS 


3.1 TRIGONOMETRIC FUNCTIONS 


The trigonometric functions are defined in terms of a 
point P which moves in a circular track of unit radius. 





P (cosx, sinx) 


Fig. 3.4 


If we let P(x) = (cos x, sin x), then for any x such 
that 0< x x 2m, the points P(x) and P(-x) lie on the same 


vertical axis. They are symmetrically located with respect to 
the c-axis. 


This implies that cos(-x) = cos x and sin(-x) = -sin x 


Another fundamental identity to remember is 
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cos?x + sin?x = 1 


For апу х Є R, -1 < cos х < 1 and -1 < sin x < 1, 
therefore, both the sine and cosine functions are continuous 
for all real numbers. 


If PQR is an angle t and P has coordinates (x,y) on 
the unit circle, then by joining PR we get angle PRQ = 90° 


(Fig. 3.2), and then we can define all the trigonometric 
functions in the following way: 


sine of t, sin t = y 


cosine of t, cos t = х 





x 
cotangent of t, tan t = 2 y #0 
secant of t, sec t = 1, x #0 
cosecant of t, ese t = у, y #0 


Provided the denominators are not zero, the following 
relationships exist: 





More Trigonometric Identities can be found in the appendix 
of this book. 
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Figures 3.3 and 3.4 show the graphs of each of the 
trigonometric functions. Notice that the x-axis is measured 
in radians. 













3 


" 


(c) y=tanx 





{(x,y) :y - csc x) {(x,y) :у = sec x} 


19 





((x,y):y = cot x} 


Fig. 3.4 


In order to graph a trigonometric function we must 


know the amplitude, frequency, phase angle and the period 
of the function. 


For example, to graph a function of the form 
y = a sin(bx+c) 
we must determine: 


a = amplitude 


b = frequency 


c = phase angle 
b 
апа 21 - period. 
b 
Let us graph the function y = 2 sin(2x + ED 


д). 
Amplitude = 2, period = 2л = т, phase X = z ‘ 






Е 


a sin (bx+c) 

where a is ; d 
eriod = T 

amplitude bP Ы 


Fig. 3.5 
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3.2 INVERSE TRIGONOMETRIC 
FUNCTIONS 


By restricting the domain of the trigonometric 
functions we can define their inverse functions. 


The inverse sine function, denoted sin^!, is defined to 
be sin^!x = y if and only if sin y = x where -1 « x « 1 and 
“1/2 < yE 


|= 


In a similar manner we define: 


monotone 
increasing 


monotone 


-l 
< соѕ x < i 
s 5200 = n decreasing 


T T 


== < tan-*x <5 


2 
0 < cot tx < m 


0 «sec^x < m 





3.3 EXPONENTIAL AND 
LOGARITHMIC FUNCTIONS 


If f is a nonconstant function that is continuous and 
satisfies the functional equation f(x+y) = f(x):f(y), then 


f(x) - a* for some constant a. That is, f is an exponential 
function. 
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Consider the exponential function a*, a » 0 and the 
logarithmie function log x, a » 0. Then a*is defined for all 


X € R, and log x is defined only for positive x € R. 


These functions are inverses of each other, 


а Sax = фу log, (a?) = y. 


Let - a > 0 be an exponential function. Then for 
any real numbers x and y 


a) ах ° aY = gery 


b) (ах)У -а 


Let log x, а > 0 be a logarithmic function. 


Then for 
any positive real numbers x and y 


a) log (xy) = log, (x) + log Cy) 


b) log, (x^) = y log, (x) 


Let h > -1 be any real number. Then for any natural 
number п € N, 


(1+h)” > 1+ пһ. 


3.3.1 THE NATURAL LOGARITHMIC FUNCTION 


A) To every real number y there corresponds a unique 
positive real number х such that the natural 
logarithm, In, of x is equal to y. That is ln x= у 


B) The natural exponential function, denoted by exp, is 
defined by 


exp x = у if and only if Iin y = х 


for all x, where y > 0. 


C) The natural log and natural exponential are inverse 
functions. In (exp x) = x and exp (ln y)= y. 
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D) The letter e denotes the unique positive real number 
such that ше = 1. 


E) If x is a real number then e* is the unique real 
number y such that 


g = y if and only if ln y = x. 


F) If p and q are real numbers and r is rational then 
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CHAPTER 4 


LIMITS 


4.1 DEFINITION 


Let f be a function that is defined on an open interval 
containing a, but possibly not defined at a itself. Let L be 
a real number. The statement 


lim f(x) = L 
xa 


defines the limit of the function f(x) at the point a. Very 
simply, L is the value that the function has as the point a 
is approached. 


4.2 THEOREMS ON LIMITS 


The following are important properties of limits: 


Consider lim f(x) = L and lim g(x) = K, then 
х +а х ға 


A) Uniqueness - If lim f(x) exists then it is unique. 
xa 
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B) lim [f(x)+g(x)] = lim f(x) + lim g(x) = L+K 
xa х+а хэа 


L-K 


C) lim [f(x)-g(x)] = lim f(x) - lim g(x) 
х уа х ға х ға 


D) lim [f(x)*g(x)] = lim f(x) * lim g(x) = L°K 
X8 xa х-+а 


lim f(x) 
f(x) _ х-а 





_L | 
Е) lim g(x) “img К provided K £ 0 
Xa 
1 1 


G) lim [f(x)]” = [lim #(х)] for n > 0 
AX ға ха 


Н) lim [ef(x)] = сіт f(x)], e € В 
х 7a xa 


: n . n n 
I) lim ex = сіт x = са, cE В 
хэа хэа 


J) If f is a polynomial function then 
lim f(x) = f(a) foralla € R. 
хэа 


K) lim Зух = "ya when a > 0 and n is a positive integer or 
х-а 
when а < 0 and n is an odd positive integer. 


n n 
L) lim / f(x) = vlim f(x) when n is a positive integer 
xa х+а 


М) If f(x) < h(x) < g(x) for all x іп an open interval 
containing a, except possibly at a, and if lim f(x) = L 
= lim g(x) then lim h(x) = L. xa 

х a х» a 
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4.3 ONE-SIDED LIMITS 


Suppose f is a function such that it is not defined for 
all values of x. Rather, it is defined in such a way that it 
"jumps" from one y value to the next instead of smoothly 


going from one y value to the next. Examples are shown in 
Fig. 4.1 and 4.2. 


Wag 


Fig. 4.1 y-f(x) is not Fig. 4.2 y=f(x) 
defined for all x 
values. 


"jumps " 
from a positive value 
to a negative one. 


The statement lim f(x) = В tells us 
х-а" 


approaches "a" from the right or from positive infinity, the 
function f has the limit R. 


that as x 


Similarly, the statement lim f(x) - L says that as x 
хээ? 
approaches "a" from the left-hand side or from negative 
infinity, the function f has the limit L. 





Right-hand limit Left-hand limit 
Fig. 4.3 Fig. 4.4 


If f is defined in an open interval containing a, except 
possibly at a, then 


lim f(x) = L if and only if 
xa 
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lim f(x) = L = lim f(x). 
xat х-а- 


Notice that in Fig. 4.2 the right-hand limit is not the 
same of the left-hand limit as it is in Fig. 4.5. 





(x) 






f (x) 
“а 





f 
AL 





4.4 SPECIAL LIMITS 


A) Иш ELE. 1, lim 12905 X. 20 
x >0 * xo) x 
1 
B) На (1*1)? =e, lim (140) "^ =e 
C) Fora» 1 lim a” = +оо lim а^ = 0 
х oo X -0 
lim log x = +0, lim log, x = -œ 
х++ © x +0 
D) For0«ac«i,lim ах -= 0, lim а = +0 
X>+ о X -0 
lim log,x = -о, lim log X = +00 
X -> +00 x >0 


Some nonexistent limits which are frequently 
encountered are: 
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i 1 2 
A) lim x; 88 х approaches zero, x^ gets very small and 


also becomes zero therefore i is undefined and the limit 
does not exist. 


B) lim Ix] does not exist. 
x0 * 


Proof: 


If x > 0, then z = = = 1 апа hence lies to the right of 
the y-axis, the graph of f coincides with the line y - 1. If 
x < 0 then — = -1 and the graph of f coincides with the 
line y = -1 to the left of the y-axis. 


If it were true that lim Ix] -L for some L, then 
x0 
the preceding remarks imply that -1« L« 1. 


If we consider any pair of horizontal lines у =L + є, 
where 0 < €e < 1, then there exists points on the graph 
whieh are not between these lines for some non-zero x in 
every interval (-6,6) containing 0. It follows that the 
limit does not exist. 





Fig. 4.6 


4.5 CONTINUITY 


A function f is continuous at a point a if 


lim f(x) = f(a). 
хта 
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This implies that three conditions are satisfied: 


a) f(a) exists, that is, f is defined at a 
b) lim f(x) exists, and 

х >а 
с) the two numbers are equal. 


To test continuity at a point x - a we test whether 


lim M(x) = lim M(x) = М(а) 
х+а? x +a” 


4.5.1 THEOREMS ON CONTINUITY 


A) А function defined in а closed interval [a,b] is 
continuous in [a,b] if and only if it is continuous in the 
open interval (a,b), as well as continuous from the right 
at "a" and from the left at "b". 





Fig. 4.7 


B) If f and g are continuous functions at a, then so are the 
functions f*g, f-g, fg and f/g where g(a) + 0. 


C)If lim g(x) - b and f is continuous at b, 
xa 
then lim f(g(x)) =f(b) = f[lim g(x)]. 
х эа х ға 


р) If g is continuous at а and f is continuous at b = g(a), 
then 


lim f(g(x)) = f[lim g(x)] = f(g(a)). 
x >a х >a 


E) Intermediate Value Theorem. If f is continuous on a 
closed interval [a,b] and if f(a) # f(b), then f takes 
on every value between f(a) and f(b) in the interval 
[a,b]. 
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Е) f(x) = К, КЄ R is continuous everywhere. 


G)f(x) = x, the identity function is continuous 
everywhere. 


H) If f is continuous at a, then lim f(a + =) = { (а). 
п> со 


I) If f is continuous on an interval containing a and b, а < 
b, and if f(a)*f(b) < 0 then there exists at least one 
point c, < с < b such that f(c) = 0. 
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CHAPTER 5 


THE DERIVATIVE 


5.1 THE DEFINITION AND ^ -METHOD 


The derivative of a function expresses its rate of 
change with respect to an independent variable. The 
derivative is also the slope of the tangent line to the 
curve. 





Fig, 5.1 


Consider the graph of the function f in Fig. 5.1. 
Choosing a point x and a point x + Ax (where Ax denotes a 
small distance on the x-axis) we can obtain both, f(x) and 
f(x+Ax). Drawing a tangent line,2,of the curve through the 
points f(x) and f(x+Ax), we can measure the rate of change 


of this line. As we let the distance,Ax, approach zero, 
then 


fim f(x-t^x)-f(x) 
Ax 


Ах-0 
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becomes the instantaneous rate of change of the function or 
the derivative. 


We denote the derivative of the function f to be f'. So 
we have 


f(x+Ax)-f(x) 


f'(x) = lim Ax 





If y = f(x), some common notations for the derivative are 


у= Ге) 

dy = f'(x) 

dx 

D. y = f'(x) or Df = f' 


5.1.1 THE DERIVATIVE AT A POINT 


If f is defined on an open interval containing "a", 
then 


f'(a) = lim LET RU 
"—— х-а 


provided the limit exists. 


5.2 RULES FOR FINDING 
THE DERIVATIVES 


General rule: 


A) If f is a constant function, f(x) = c, then f'(x) = 0. 


B) If f(x) = x, then f'(x) = 1. 
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C) If f is differentiable, then (cf(x))' = ef'(x) 


D) Power Rule If f(x) = x", n€ Z, then 


f'(x) = nx” 1; if n < 0 then х" is not 


defined at x = 0. 


E) If f and g are differentiable on the interval (a,b) then: 


а) | (#+6)'(х) = f'(x) + g'(x) 
b) Product Rule.| (fg)'(x) = f(x)g'(x) + g(x)f'(x) 


Example: Find f'(x) if f(x) = (x?^41)(2x^?48x-5). 
f'(x) = (x?^*1)( 4x+8)+( 2x ?+8х-5) (3х 2) 


= 4x" + 8x? + 4x + 8 + 6x" + 24x? - 15x? 


10x* + 32x? - 15x? + 4x + 8 


c) Quotient Rule: (x) = g(x)f'(x)-f(x)g'(x) 


[g(x)1* 





2. 
Example: Find f'(x) if f(x) E 


бүх) = (3X 2x42) (8x) +( 4x 285) (6х-1) 

T (4х2 +5) 2 

_- (24x 3-8x 2+16х)+(24х ?- Ax 2+30х-5) 
i (4х 2+5) 


4х 2+14х- 5 
(4х2+5)2 


т 
—-1 
Е) If f(x) = x , then f'(x) =— х 


where т ‚п Є Z andn# 0 


G) Polynomials. If f(x) = (ао+а:х+аох”+.. .*a X^) 
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then f(x) = аү+2а,х+3азх?+...+па X^ — 
This employs the power rule and rules concerning 


constants. 
where 


H) Chain Rule. Let f(u) be a composite function, 
u-g(x). 
Then f'(u) = f'(u)g'(x) or if y-f(u) and u-g(x) then 


Dy = (Duy) (D,u) = Си (х) 


5.3 IMPLICIT DIFFERENTIATION 


An implicit function of x and y is a function in which 
one of the variables is not directly expressed in terms of 
the other. If these variables are not easily or practically 
separable, we can still differentiate the expression. 


Apply the normal rules of differentiation such as the 
produet rule, the power rule, etc. Remember also the chain 


rule which states du , dx du 
dx dt dt" 


Once the rules have been properly applied we will be 
left with as in the example of x and y, some factors of dy. 
dx 


We can then algebraically solve for the derivative dy and 
dx 


obtain the desired result. 


5.4 TRIGONOMETRIC 
DIFFERENTIATION 


The three most basic trigonometric derivatives are 


34 


(sin x) = cos x, 


(cos x) = -sin x, 


4 
dx 
d 
dx 
d 
dx 


(tan x) = sec?x. 





Given апу trigonometric function, it can be 
differentiated by applying these basics in combination with 
the general rules for differentiating algebraic expressions. 


The following will be most useful if committed to 
memory: 


D sin u = cos u D u 


X 
D cos u= -sinuD u 
X x 
D tan и = зес?а О u 
X х 
D sec u = tan u secuD u 
x x 
D cot u=-ese*uD u 
х X 
D cesce u= -csc u соири 
X Ж 


5.5 INVERSE TRIGONOMETRIC 
DIFFERENTIATION 


Inverse trigonometric functions may Бе sometimes 
handled by inverting the expression and applying the rules 
for the direct trigonometric functions. 


For example: у = sin x 


D - Ї 
„У D. Sin" X 
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Here are the derivatives for the inverse trigonometric 
functions which ean be found in a manner similar to the 
above function: 








D. эта = : Dui , |ul «1 
/1-u2 
D. cos-!u -—l- ри jul «1 
x jT х е 
р. {ап *u = n D u , where u = f(x) differentiable 
D sec” и = 1 Du u= f(x), |f(x)|»1 
x x • 
ц |у u?-1 
D. соїЁ- u = oh Du , u= f(x) differentiable 
D. esc” tu = --2--0, ш ju = f(x), |х) | > 1 
ц |у u?-1 


5.6 EXPONENTIAL AND 
LOGARITHMIC DIFFERENTIATION 


The exponential function e* has the simplest of all 
derivatives. It's derivative is itself. 


and 





Since the natural logarithmic function is the inverse of y = 


g^ and ше = 1, it follows that 


and 
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If x is any real number and a is any positive real number, 
then 


X х1 
aX =e na 


From this definition we can obtain the following: 
d х X а u_ du 
a) qx a =a Ina and ax 8 = a? In а == 


1 du 
u In adx 


1 


d 
zina 9nd gyloglul = 


b) ©. (log x) = 

where u # 0 

Sometimes it is useful to take the logs of a function 

and then differentiate since the computation becomes easier 
(as in the case of a product). 


5.6.1 STEPS IN LOGARITHMIC DIFFERENTIATION 


1. у = f(x) given 

2. In y = In f(x) take logs and simplify 

3. D. (In y) =D хп f(x)) differentiate implicitly 
1 2 

4. = Diy = D. (In f(x)) 

5. D у= f(x)D. (in f(x)) multiply by y = f(x) 


To complete the solution it is necessary to differentiate 
In f(x). If f(x) « 0 for some x then step 2 is invalid and 


we should replace step 1 by |у| = |&х)|, and then 
proceed. 
Example: y = (x*5) (x41) 


In y = In[(x+5)(x*+1)] = In(x+5)4In(x “-1) 





ES In y = = In(x+5) + E: In(x 41) 
3 

14у. 1 , 4x 

y dx zm x t+] 


dy _ " 1 4x ? 
dx = (х+5) (х +1) л t zr | 
= (x41) + 4x°(x+5) 


This is the same result as obtained by using the product 
rule. 


5.7 HIGH ORDER DERIVATIVES 


The derivative of any function is also a legitimate 
function which we can differentiate. The second derivative 
can be obtained by: 


2 
where u = g(x) is differentiable. 


The general formula for higher orders and the nth 
derivative of u is, 


d d d а) ya 4UO сред, 
— —, — 11 = ——— x 
dx dx ‘ах n 
d 
—— n. —Ü( 
n times 


The rules for first order derivatives apply at each stage of 
higher order differentiation (e.g., sums, products, chain 
rule). 


A funetion which satisfies the condition that its nth 
derivative is zero, is the general polynomial 


П- 1 11-2 
х) = а х та x № aca TB 
B osa ) n-i n-2 "s 
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CHAPTER 6 


APPLICATIONS OF THE 
DERIVATIVE 


6.1 ROLLE'S THEOREM 


Let f be continuous on a closed interval |а, о]. Assume 
f'(x) exists at each point in the open interval (a,b). 


If f(a) = f(b) = 0 then there is at least one point (х,) 
in (a,b) such that f'(x,) = 0. 





a x b 


Fig. 6.1 Three functions which satisfy the 


hypotheses, hence the conclusion, of Rolle's 
theorem. 


6.2 THE MEAN VALUE THEOREM 


If f is continuous on [a,b] and has a derivative at 
every point in the interval (a,b), then there is at least one 
number с in (a,b) such that 
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f(b)-f(a) 
b-a 


f'(c) = 





Notice in Fig. 6.2 that the secant has slope 


f(b)-f(a) 
b-a 


secant line 





Xp 


Fig. 6.2 


and f'(x) has slope of the tangent to the point (x,f(x)). 
For some хо in (a,b) these slopes are equal. 


6.2.1 CONSEQUENCES OF THE MEAN VALUE THEOREM 


A) If f is defined on an interval (a,b) and if f'(x) = 0 for 
each point in the interval, then f(x) is constant over 
the interval. Fig. 6.3. 


f (x) 


Біб. G63 


B) Let f and g be differentiable on an interval (a,b). If, 
for each point x in the interval, f'(x) and g'(x) are 
equal, then there is a constant, с, “such that 


f(x) +c = g(x) for all x. 
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Fig. 6.4 ЇЁ(х)4С-4(х) for all x 


C) The Extended Mean Value Theorem. Assume that the 
funetion f and its derivative f' are continuous on [a,b] 
and that f" exists at each point x in (a,b), then there 
exists at least one point ху, а < хи < b, such that 


f(b) = f(a) + (b-a)f'(a) + 3(р-а) 2 (хо). 


6.3 L’HOPITAL’S RULE 


An application of the Mean Value Theorem is in the 
evaluation of 





lim fx where f(a)=0 and g(a)=0. 
x>a® 
үр i „„ НЬ, 
L'Hopital's Rule states that if the lim is an 
x >a 86%) 


indeterminate form (i.e., 5 or =), then we can differentiate 


the numerator and the denominator separately and arrive at 
an expression that has the same limit as the original 
problem. 


f(x) _ 1 
g(x) el 


їх) 
g'(x) 





Thus, lim 
Xa 


In general, if f(x) and g(x) have properties 


1) f(a) = g(a) = 0 
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2) EE) (а) = eK) (а) = 0 for k-1,2,...n 


(n+ 


but 3) gta) or g Уга) is not equal to zero, then 


fx). ЕО (х) 


1 ied Sube A 


х+а E(x) | g At) (х) 


6.4 TANGENTS AND NORMALS 


6.4.1 TANGENTS 


A line which is tangent to a curve at a point "a", 
must have the same slope as the curve. That is, the slope 
of the tangent is simply 


m = lim f(a*h)-f(a) 


В ^0 


Therefore, if we find the derivative of a curve and evaluate 
for a specifie point, we obtain the slope of the curve and 
the tangent line to the curve at that point. 


A curve is said to have a vertical tangent at a point 
(a,f(a)) if f is continuous at "a" and іт |f'(x)| = ә. 
х ға 


6.4.2 NORMALS 


A line normal to a curve at a point must һауе a slope 
perpendicular to the slope of the tangent line. If f'(x) # 0 
then the equation for the normal line at a point (х o,y о) is 
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6.5 MINIMUM AND MAXIMUM VALUES 


If a function f is defined on an interval I, then 


a) f is increasing on I if f(x.) < f(x2) whenever x;,x» are 
in I and х: < X2. 


b) f is decreasing on I if f(x,) > f(x2) whenever xi < x» 
in I. 





Increasing function Decreasing function 


с) f is constant if Ї(х:) = f(x2) for every xi,x2 ШГ. 


Suppose f is defined on an open interval I and c is a 
number in I then, 


а) f(c) is a local maximum value if f(x) < f(c) for all x in 


b) f(c) is a local minimum value if f(x) > f(c) for all x in 





Maximum value f(c) Minimum value f(c) 
Fig. 6.5 
Y 





43 


In Fig. 6.6 in the interval [ a,b ], the loeal maxima 
occur at c,, с,, с. with an absolute maximum аї с; and local 
minima occur atc, ‚с, . 


To find Absolute Extrema for functions, first calculate 
f(c) for each critical number c, then calculate f(a) and 
f(b). The absolute extrema of f on [a,b] will then be the 
largest and the smallest of these functional values. If f(a) 
or f(b) is an extremum we call it an endpoint extremum. 


Viewing the derivative as the slope of a curve, there 
may be points (or critical values) where the curve has a 
zero derivative. At these values the tangent to the curve is 
horizontal. 


Conversely, if the derivative at a point exists and is 
not zero, then the point is not a local extrema. 


6.5.1 SOLVING MAXIMA AND MINIMA PROBLEMS 


Step 1. Determine which variable is to be maximized or 
minimized (i.e., the dependent variable y). 


Step 2. Find the independent variable x. 


Step 3. Write an equation involving x and y. All other 
variables can be eliminated by substitution. 


Step 4. Differentiate with respect to the independent 
variable. 


Step 5. Set the derivative equal to zero to obtain critical 
values. 


Step 6. Determine maxima and minima. 


6.6 CURVE SKETCHING AND 
THE DERIVATIVE TESTS 


Using the knowledge we have about local extrema and 
the following properties of the first and second derivatives 
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of a function, we can gain a better understanding of the 
graphs (and thereby the nature) of a given function. 


A function is said to be smooth on an interval (a,b) if 
both f' and f" exist for all x € (a,b). 


6.6.1 THE FIRST DERIVATIVE TEST 


Suppose that c is a critical value of a function, f, in 
an interval (a,b) , then if f is continuous and differentiable 
we ean say that, 


a) if f'(x) > 0 foralla<x<ece 
and f!(X) < 0 for alle < x <b, 
then f(c) is a local maximum. 

b) if f'(x) < 0 fora < x < сапа 
(х) > 0 for ec < x < b, then 
f(e) is a local minimum. 


с) if f'(x) > 0 or if f'(x) < 0 for all x € (a,b) then f(c) 
is not a local extrema. 


6.6.2 CONCAVITY 


If a function is differentiable on an open interval 
containing c, then the graph at this point is 


a) concave upward (or convex) if f"(c) > 0; 


b) concave downward if f"(c) < 0. 


If a function is concave upward than f' is increasing 
as x increases. If the function is concave downward, Ё is 
decreasing as x increases. 


y Y 


р{с,#&с)} (c,£ (c) 


a c b a c b 


Upward concavity 
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Y y 
P{c,f(c)} P{c,£(c)} 
x x 
a c b a съ 
Downward concavity 
Fig. 6.7 


6.6.3 POINTS OF INFLECTION 
Points whieh satisfy f"(x) - 0 may be positions where 
concavity changes. These points are called the points of 


inflection. It is the point at which the curve crosses its 
tangent line. 


6.6.4 GRAPHING A FUNCTION USING THE DERIVATIVE TESTS 


The following steps wil help us gain а rapid 
understanding of a function's behavior. 


А) Look for some basic properties such аз oddness, 
evenness, periodicity, boundedness, etc. 


B) Locate all the zeros by setting f(x) = 0. 

C) Determine any singularities, f(x) = o. 

D) Set f'(x) equal to zero to find the critical values. 
E) Find the points of inflection by setting f"(x) = 0. 


Е) Determine where the curve is concave, f"(x) < 0, and 
where it is convex f"(x) > 0. 


G) Determine the limiting properties and approximations for 
large and small |x|. 


H) Prepare a table of values x, f(x), f'(x) which includes 
the critical values and the points of inflection. 


I) Plot the points found in Step H and draw short tangent 
lines at each point. 


J) Draw the curve making use of the knowledge of 
concavity and continuity. 
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6.7 RECTILINEAR MOTION 


When an objeet moves along a straight line we call the 
motion rectilinear motion. Distance s, velocity v, and 
acceleration a, are the chief concerns of the study of 
motion. 


Velocity is the proportion of distance over time. 





Average velocity = ы-ы) 


2“ ti 


where t,, t, are time instances and Et, )-f(t,) is the 
displacement of an object. 


Instantaneous velocity at time t is defined as 


v-D s(t) = lim 
h>0 


f(t+h)-f(t) 
h 





We usually write 





Acceleration, the rate of change of velocity with respect to 
time is 





It follows clearly that 
a(t) = v'(t) = s"(t). 


When motion is due to gravitational effects, g = 32.2 
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ft/sec* or g = 9.81 m/sec? is usually substituted for 
acceleration. 


Speed at time t is defined as |v(t)|. The speed 
indicates how fast an object is moving without specifying 
the direction of motion. 


6.8 RATE OF CHANGE AND 
RELATED RATES 


6.8.1 RATE OF CHANGE 


In the last section we saw how functions of time can 
be expressed as velocity and acceleration. In general, we 


can speak about the rate of change of any function with 
respect to an arbitrary parameter (such as time in the 
previous section). 


For linear functions f(x) = mx+b, the rate of change is 
simply the slope m. 


For non-linear functions we define the 
1) average rate of change between points c and d to be 


f(d)-f(o) 
d-c 






T 
Е (d) -f (c) 
+4 


Fig. 6.8 


2) instantaneous rate of change of f at the point x to be 
f'(x) = lim a 
h> 0 
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If the limit does not exist, then the rate of change of f 
at x is not defined. 


The form, common to all related rate problems, is as 


follows: 


a) 


b) 


с) 


Two variables, x and y are given. They are functions of 
time, but the explicit functions are not given. 


The variables, x and y are related to each other by 
some equation such as х?+у 3-2х-Т7у 2+2 = 0. 
An equation which involves the rate of change ох and 


T is obtained by differentiating with respect to t and 


using the chain rule. 


As an illustration, the previous equation leads to 


dx 2 dy ,4х. dy _ 
2x dt + 3y dt 2 dt 14y T^ a 0 
үе ах dy . : , 
The derivatives di and dr т this equation are called 


the related rates. 
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CHAPTER 7 


THE DEFINITE INTEGRAL 


7.1 ANTIDERIVATIVES 


Definition: 


If F(x) is a function whose derivative F'(x) = f(x), 
then F(x) is called the antiderivative of f(x). 


THEOREM: 


If F(x) and G(x) are two antiderivatives of f(x), then 
F(x) = G(x) + с, where c is a constant. 


7.1.1 POWER RULE FOR ANTIDIFFERENTIATION 


Let "a" be any real number, "r", any rational number 
not equal to -1 and "c" an arbitrary constant. 


TH 


Ії tix) = ax”, then F(x) m + с. 


* 
г+1 


ТНЕОВЕМ: 


An antiderivative of а sum is the sum of the 
antiderivatives. 


d d d 
n (Fı+F2) = de (+ Tr (Е) = Ё; + #, 
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7.2 AREA 


To find the area under the graph of a function f from 
a to b, we divide the interval[a,blinto n subintervals, all 
having the same length (b-a)/n. This is illustated in Figure 
Take 





Since f is continuous on each subinterval, f takes on a 
minimum value at some number Ч, in each subinterval. 


We can construct a rectangle with one side of length 
Un. >» xi], and the other side of length equal to the 
minimum distance f(u,) from the x-axis to the graph of f. 


The area of this rectangle is f(u,)Ax. The boundary of 
the region formed by the sum of these rectangles is called 
the inscribed rectangular polygon. 


The area (A) under the graph of f from a to b is 


A = lim у, f(u,)Ax. 
Ax20 i=l 


The area A under the graph may also be obtained by 
means of circumscribed rectangular polygons. 


In the case of the circumscribed rectangular polygons 
the maximum value of f on the interval [x, эх, 1, Ves 28 
used. эь : 


Note that the area obtained using circumscribed 


rectangular polygons should always be larger than that 
obtained using inscribed rectangular polygons. 
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7.3 DEFINITION OF 
DEFINITE INTEGRAL 


A partition P of a closed interval [a,b] is any 
decomposition of [a,b] into subintervals of the form, 


х | 


[X o,X1], [X1,x2], [X2,Xa],..., [xq гү» n 


where n is a positive integer and х; are numbers, such that 
а = Хо<х1<х2<...<Х_ СХ = b. 
The length of the subinterval is Ах, = XT Xi 
The largest of the numbers Ax;, AX2... AX is ealled the 


norm of the partition Р and denoted by ||P||. 





Definition: 


Let f be a function that is defined on a closed interval 
[a,b] and let P be a partition of [a,b]. A Riemann Sum of 
f for P is any expression В. of the form, 


n 
Ro = 2, f(w;)Ax;, 
where Wi is some number in [X Xil 102 1 е P ssl 


Y 
788 UN ин үз Ї (х ) 






А хүл his n 
Fig. 7.2 
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Definition: 


Let f be a function that is defined on a closed interval 
[a,b]. The definite integral of f from a to b, denoted by 
b 


| f(x)dx is given by 


m b 
| f(x)dx = lim ХУ f(w.)A xX, , 
2 |501 . Ж 


provided the limit exists. 


THEOREM : 


If f is continuous on [a,b], then f is integrable on 
[a,b]. 


THEOREM: 


a 
If f(a) exists, then | f(x)dx = 0. 
а 


7.4 PROPERTIES OF THE 
DEFINITE INTEGRAL 


A)If f is integrable on [a,b], and k is any real number, 
then kf is integrable on [a,b] and 


b b 
| kf(x)dx = k | ах . 
а 


а 





В) If f and g are integrable on [a,b], then f+g is integrable 
on [a,b] and 
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a 


b b b 
| [f(x)+g(x)]dx = | f(x)dx + | g(x)dx. 
a 


a 





C) If a<e<b апа f is integrable on both [a,c] and [e,b] , 
then f is integable on [a,b] and 


b e b 
| f(x)dx = | f(x)dx + | f(x)àdx. 


a a C 





D) If f is integrable on a closed interval and if a, b, and c 
are any three numbers in the interval, then 


b e b 
| f(x)dx = | годах 4 | (куйа. 
а 


а C 





E) If f халин on [a,b] and if f(x) » 0 for ай x in [a,b], 


then | f(x)dx >0. 
a 


7.5 THE FUNDEMENTAL THEOREM 
OF CALCULUS 


The fundamental theorem of calculus establishes the 
relationship between the indefinite integrals and 
differentiation by use of the mean value theorem. 


7.5.1 MEAN VALUE THEOREM FOR INTEGRALS 


If f is continuous on a closed interval [a,b], then 
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there is some number P in the open interval (a,b) such 
that 
b 


| f(x)dx = f(P)(b-a) 


a 


To find f(P) we divide both sides of the equation by (b-a) 
obtaining ч 


f(P) = | {(х)ах. 
а 


7.5.2 DEFINITION OF THE FUNDAMENTAL THEOREM 


Suppose f is continuous on a closed interval [a,b ], then 
a) If the function G is defined by 
x 
G(x) = | f(t)dt, 
a 


for all x in [a,b], then G is an antiderivative of f on 
[a.b]. 


b) If Fis any antiderivative of f, then 


b 
| f(x)dx = F(b)-F(a) 


a 





7.6 INDEFINITE INTEGRAL 


The indefinite integral of f(x), denoted by | f(x)dx, is 


the most general integral of f(x), that is 


| f(x)dx = F(x) +С. 
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F(x) is any function such that F'(x) - f(x). 





= C is an 
arbitrary constant. 
7.6.1 INTEGRATION FORMULAS 
Table 7.1 
n x" 1 
1 E dx = = +С, п #-1 Ts | sin ахах = - 2 соз ах+С 
2 [S = |х| +C 8. | cos axdx = + sin ax+C 
x a 
3 | X = In |x-a| +С 9. | secx dx = tan хэс 
x-a 
dx 1l, -xX 10. | e dx =2—+¢ 
4. | Хаг = z tan a +C 
1 
хах _ 1 2, 2 il. | sinh axdx = — cosh ах+С 
5. | £85, = 5 in pee] + С а 
1 
6 | ах p =sint X +С 12. | cosh ахах = = sinh ax+C 
(a*-x *) 


In x= log, x is called the logarithm of base e where 
ez 2.7182818 --- 


7.6.2 ALGEBRAIC SIMPLIFICATION 


Certain apparently complicated integrals can be 
simple by simple algebraic manipulations. 





Example: Find | 2 7 dx 
; =x „ ti-i. 2.4 
write sir = sar C 1 7 ox 


made 


7.6.3 SUBSTITUTION OF VARIABLES 


Suppose F(x) is expressed as a composite function, F(x) 
= f(u(x)), then the differential F'(x) dx = f'(u)du. 


Therefore, | F'(x)dx | f'(u)du = f(u)*e 


f(u(x)) + e = F(x) + c. 


THEOREM: 


Let f and u be functions satisfying the following 
conditions: 


a) f is continuous on a domain including the closed interval 
{x:a<x<b}. 


b) For each point t in the closed interval {t:a<t<8}, the 
value u(t) is a point in {x:a<x<b}. 


с) u(a) =a, and 4(8) =b. 


d) и is continuous on (t:a«t«8]. 


b B 
The | f(x)dx = | f(u(t)) *u'(t)dt. 
a 97 


X 
Example: йе | х2+а2 ах 


Let u =x? + а? 


du = 2х dx 
1... 
= du = хах 
2 
| = ах $ | SY = E 1n fal +c 
Mw 
24 
= 5 Ln |x*^m* | їс 


7.6.4 CHANGE OF VARIABLES 


1 
Example: Evalute | x( 18х) dx 
0 


Let u= 1+x, du- dx, x=u-l 


1 2 
4 1 
| х(1+х)? = | (u-1)u* du. 


*Notice the change in the limits for x-0, u-1 and for x-1 
u-2. 
2 


[uif - u* du 


2 
4 
| (u-1)u* du 
1 1 


2/5 u9/2 - 2/3 u 3/2 





1 
-1(2/5)/32 -(2/3)/8)1- E " 3 


=“ Ts 


7.6.5 INTEGRATION BY PARTS 
This method is based on the formula 
d(uv) =u dv + v du. 
The corresponding integration formula , 


uv = | и ау Ч du, is applied in the form 





This procedure involves the identification of u and dv and 
their manipulation into the form of the latter equation. v 
must be easily determined. If a definite integral is 
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involved, then 
b b 


b 
dv Е - Чи 
[ug ax = uv | | ve dx. 
a 


Example: Evaluate | х eos х dx 


u=x dy = cos x dx 


du = dx у= sin x 
| x cos x dx = x sin x - | sin x dx 


= x sin x - (-cos x) +c 


= X sin x + cos x to 


7.6.6 TRIGONOMETRIC INTEGRALS 


Integrals of the form | sin"x dx or | воё"хах can be 


evaluated without resorting to integration by parts. This is 
done in the following manner; 


" 5, RE ‚ 22 4 4 P 
We write | sin x dx- [sin sin x dx, if n is odd. 


Since the integer n-1 is even, we may then use the 


fact that sin*x = 1-соз?х to obtain a form which is easier to 
integrate. 


Example: | sin?x ах = | sin'x sin x dx 


= | (sin?x)? sin x dx 
but sin*x = 1 - cos’x. 


Hence, | sin?x dx = | (1-cos?x)?sin х dx 
s: | (1-2с0$ 2х+соз*х) эт x dx 
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Substitute и = cos х, du = -sin x dx 


5 
=- [(a- 20? «bau = -u + - = 


Co] bo 
с 


2 1 
= -COS x + 5 соз3х - Б cos x + c. 


A similar technique сап be employed for odd powers of 
соз X. 


If the integrand is sin х or cos"x and n is even, then 
the half angle formulas, 


-1- cos 2x 
ин umi 


_ 1+cos 2x 
2 





may be used to simplify the integrand. 


И 
|= 


Example: | сов 2x ах | (1+соѕ 2x)dx 


| 
юе 


x + 4 sin 2x +œ 
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APPENDIX 


| TRIGONOMETRIC FORMULAS 


ѕіп Өсѕс 9 = cos 0sec0 = фар 0 coto = 1 





_ gin Ө _ eos 8 
tan6 = себ’ cot 0 = sin à 
sec? = 1 + tan?6, ese*6 = 1 + сої20 


sin?0 + соѕ 20 = 1 
sin( 6+ ф) = 8110 соѕф + cosé sing 


eos(0 + ф) = cosécos ф + sin Ө ѕіпф 


tan(6+¢) = tan 9+ tan $ 


1+ tano tan ф 


cot 6 со1ф-1 
coto + cots 


cot( Ө +4) = 
sin 20 = 2sin 0cos 0 
sin 3 0 = 35116 - 4sin?0 

sin 40- 8 cos ?0sin 0- 4 cos sin Ө 

cos 26= 2 cos?0- 1 = cos?0 - sin?0 
cos 30 = 4 cos*6- 3 cos 0 

cos 40-7 8 cos*6- 8 cos 26+ 1 

sin 0+ sino = 2 sin 2(9+ф)соѕ 2(0+ф) 

cos0 + eos d= 2 eos (0 + ф)соз 3(0-9) 


cos0 - eos ġ= -2 sin 3(0 +ф)ѕіп 2(0- ф) 
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8110 + ф) cot + cotó- + sin(0 +$) 


~ sing sing 


tané + tang = COSO cos 6 ' 





3 3 
. 0_. [1-соз 6)? 6 _ , [ 1+cos6 
sin $= + (195°) А cos 5 = ®| 5 | 


1 


ин 0 _ 1-cos0 _ віп) _ 1-соѕ 0) * 
2 8109 1+cos Ө 1+cos Ө 


+ 





sin ð+ sing _ хойд 
cos 6+ соѕф канан ау 
Sine law: а anD rz 
sinO sing 
Cosine law: a?- b? + с? - 2be cos Ө 


b?-z c? + a?- 2ca cos ф 





с2= a?+ b? - 2ab eos V 
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ll INDEFINITE INTEGRALS 


tanx dx = -ln | cos x | 


cotx dx In | sin x | 


secx dx = Іп | sec x + tan x | 


№ 
-H 
5, 
| 








d 
9. e» iln (x? +a?) 
ах _ x-a 
10, шээг УУД 
IL, dx віп 1 € 
а 


1 
In |x:e(x 21859 "| 


1 1 А 
(s2-x?)?dx = }|х(а2-х2)? + asin“? ч 
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14. 


15. 


16. 


Lis 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


21. 


ey, 3  ——— Me —— —— m, i 3 | “өн, | re, | | “өрө, 


1 3 
x(a?-x?)?dx = -1/3(а2-х 2) 2 


2492128 = 1 iat 4 8 2 2 
(x? ta?)*dx = ix(x?ta?) tn [k+(x*ta?) “|, a> 0 


dx X 


(d -х2) 3/2 а2(а2-х у? 


x(x +2 ) Зах = 1/3(ж2+а2)* ? 


dx +x 


(x2 +a) 27 a (x £a 2)? 
| _ 1 
sin ax dx - - E COS ax 
ѕіп2ах dx = 
232 а 
eos ax dx - 5 sin ах 


1 : 
cos*axdx = [^ (axt+isin 2ax) 


sec?x dx - tan x 


see x tan x dx = sec x 


sin(a-b)x sin(a*b)x 


sin ax sin bxdx “ар, | “ЭБУ 879 
_ sin(a-b)x | sin(a*b)x 
cos ax cos bxdx «by ат „ab 
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28. 


29. 





30. In x dx = x( In x - 1) 


In 


31. 5 





x In x dx = x! 


” 
І 
| Im 
_—— 


32. 


1 
sinh axdx = 5 cosh ах 


33. cosh axdx = 1 sinh ax 


84. іа? х dx = itan?x + ln cos x 


-leot*x - In sin x 


tan*x dx = tan x - x 


9T. cot*x dx = -cot x - x 


298. X sin x dx = sin x - X cos x 


39. x?sin x dx - 2x sin x - (x?-2)cos x 


40.| x?sin x dx = (3x*-6)sin x - (x?-6x)cos x 


41. X COS x ах = COS x + x sin x 


j^ 
| 
| 
| 
| 
| 
| 
] 
| 
| 
| 
| 
| 
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x^cos x dx 


ѕіп- іх dx = 


eos "ix dx 


tan^!x dx = 


eot 1х dx = 


sec ix dx = 


сзс-1х dx = 


(sin? xy dx 


(cos? x)?dx 


sin( ln x)dx 


X?cos x dx = 


2x cos x + (x?-2)sin x 


(3х2-6)соѕ x + (x -6x)sin x 


sin tx + (1-x2)? 
соз-1х - (1-x2)? 
tan^!x - + In (1+х 2) 
cot tx + à In (1+х2) 

4 
ѕес-іх - In [x*(x?-1)?] 

Ed 
ego ^x + In [xt(x*^-1)^] 
11 (2x2 - D gin "2x4x(1-x 2)?] 

4 
i[(2x?-1)c0s^!x-x(1-x?2)*] 
1 (x?^-1)tan іх - = 
2 2 
x(sin ix)? -2х+2( 1-х 2) ain" ix 


1 
x(cos!x)?-2x-2(1-x?)? cos іх 


= ix sin(ln x) - ix cos( 1n x) 
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соѕ( Іп x)dx = ix sin( Іп x) + $x cos( Ш x) 
tanh x dx = In cosh x 

coth х dx = Іп sinh x 

sech x dx = tan” (sinh x) 


csch x dx = ln [tanh 2| 





2 
3 4 
dx „ № | (at+bx) *-a? 
m——À—— 8 NE Зээ цг 
i d i, i 
x(atbx) a (а-рх) *+a 
хах x a 
ae "pop some 


хах _ 1 a 
————— = гу [In (atbx) + авь | 








2 

х Ох = az ld (а+ху -2a(a*bx)*& In (atbx)] 
dx _ _ 1 bs atbx 

x(atbx) a x 
dx Е 1 EN 3 1 a+bx 

X(atbx)2  a(atbx) а | х 

—9x- = = - i In (а+ре?%) 

а+ре 


ePX1n x _ 1 (= 


ах . ах а Sin bx-b eos bx 
е sin bx dx =e а 
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a cos bx+b sin bx 


70. | e?” сов bx dx-e а2+ b2 
4, 
2 
1 I гала ЭЭ). if ab » 0; 
Hd «Ea in 
: atbx^ — 1 x(-8b)! 
— т tanh * ———_ if ab < 0 


хах _ 1 2 
73. | atbx? ^b In (a*rbx^) 
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Ш DEFINITE INTEGRALS 














3 dx = 7ese ат ,O«a«1 
0 (1+x)x 
о Q871 а 
хи. Т 
а. | 1+х этап’ кача 
0 
Т : 
9 іға > 0 
аах _ - 
5 | 2% = 0 ifa-0 
0 T 
79 if a < 0 
for 
7/9 7/2 1.3.5-4(01-1) п n even 
" " 2.4.б...п 2 
6. | cos x dx = | sin x dx = for 
, н 2.4. 6---(n-1) n odd 
1s д» боеве П 
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Т Т 
9, | sin nx sin mx dx = | eos nx cos mxdx = 0 


0 0 


m,n are integers and m#n 


T 


T 
10. | sin? nxdx = | cos?nx dx =5 
0 0 





11, | sim х dx 25 
0 


l 


gl 


©. со z 
3. | SEE 4 St ах = [1] 
0 


со 


12. | sin?x dx = | созёх dx = 
0 


мі 





14. |е ?* ах= I , а>0 
0 
c, ax TPX b 
15. | = dx = In > a,b > 0 
0 
-a° x? _1 4 
16. e dx = Ja T 
0 


v2 
11. | xe ax = 3 
0 


ы emm. i 
is. | х?е ^ dx = T- 
0 
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0 2 |a] 
21, ( elorffexvie > ах = ЭБ? (= dpi? 
0 


j -b?x? 1 1. а 
23. | x?[erf(ax)]e ох dx = ICE + ps tan 11 


со 
2х2 


28. l'esftax)]e " 


Boats 
PN. 
У 
с 
һә 
х 
м 


24. Г [1-erf(ax)]dx = — 
а т? 


1 
25. | (1n х) дах = (-1)"n! 
0 





1 
ах. т? 
26 | itx dx = т» 
0 
1 
27 In X gx =-" in 2 
242 z 
(1-x*) 
0 
т/2 
28. | In (tan x)dx = 0 
0 


T 
Z8. | x In (sin x)dx = - 1 In 2 
0 
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